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Stochastic Measures of Performance Robustness
in Aircraft Control Systems
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Stochastic robustness, a simple technique used to estimate the robustness of linear, time-invariant systems, is
applied to a twin-jet transport aircraft control system. Concepts behind stochastic stability robustness are
extended to stochastic performance robustness. Stochastic performance robustness measures based on classical
design specifications and measures specific to aircraft handling qualities are introduced. Confidence intervals for
comparing two control system designs are presented. The application of stochastic performance robustness, the
use of confidence intervals, and tradeoffs between performance objectives are demonstrated by means of the

twin-jet aircraft example.

Introduction

TANDARD linear control system design techniques rely

on accurate models of the system to be controlled. Be-
cause models are never perfect, robustness analysis is neces-
sary to determine the possibility of instability or inadequate
performance in the face of uncertainty. Robustness to these
uncertainties, parametric or unstructured, is normally treated
deterministically and often without regard for possible physi-
cal variations in the system. Consequently, overconservative
control system designs or designs that are insufficiently robust
in the face of real-world uncertainties are a danger.

Stochastic robustness analysis (SRA), a simple technique to
determine the robustness of linear, time-invariant systems by
Monte Carlo methods, was introduced in Ref. 1 and presented
in detail in Refs. 2 and 3. These references described stochastic
stability robustness analysis and introduced the probability of
instability as a scalar measure of stability robustness. Confi-
dence intervals for the scalar probability of instability were
presented, and the stochastic root locus, or probability density
of the closed-loop eigenvalues, graphically portrayed robust-
ness properties. Because it uses knowledge of the statistics of
parameter variations directly, SRA provides an inherently pre-
cise yet simple characterization of robustness. The physical
meaning behind the probability of instability is apparent, and
overconservative or insufficiently robust designs can be avoided.
Applications of SRA to full-state feedback aircraft control
systems were described in Ref. 4. The results presented there
illustrated the use of stochastic stability robustness techniques
in comparing control system designs and in including finite-di-
mensional uncertain dynamics.

Concepts behind stochastic stability robustness can be ex-
tended to provide insight about control system design for
performance. Design specifications such as rise time, over-
shoot, settling time, dead time, and steady-state error nor-
mally are used as indicators of adequate performance and lend
themselves to the same kind of analysis as already described.
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Concepts of stochastic stability robustness analysis can be
applied to these criteria giving probabilistic bounds on scalar
performance criteria. Metrics resulting from SRA can be re-
lated to controller design parameters, thus providing a foun-
dation for design tradeoffs and optimization. Extensions and
uses of stochastic performance robustness in aircraft control
system design and analysis are described in the following, and
they are illustrated by means of an example.

Stochastic Performance Robustness

Stochastic stability robustness analysis is based on Monte
Carlo analysis of the probability of instability P, and associ-
ated confidence intervals, given a statistical description of pa-
rameter uncertainty.>* Because the stability test is binomial
(i.e., the outcome of each Monte Carlo evaluation takes one
of two values: stable or unstable), lower L and upper U
confidence bounds are calculated using the binomial test.’
While stability is an important element of robustness, perfor-
mance robustness analysis is vital to determining whether im-
portant design specifications are met. Adequate performance,
such as initial condition response, command response, control
authority, and rejection of disturbances, is difficult to de-
scribe by a single scalar metric. Nevertheless, elements of
stochastic stability robustness analysis apply for binomial per-
formance metrics.

Numerous criteria stemming from classical control concepts
exist as measures of adequate performance. Appealing to
these, one can begin a smooth transition from stability robust-
ness analysis to performance robustness analysis simply by
analyzing the degree of stability or instability rather than strict
stability. As described in Ref. 2, one method of doing this is to
shift the vertical discriminant line from zero to £ < (or >) 0.
Histograms and cumulative distributions for varying degrees
of stability are readily given by the Monte Carlo estimate of
the probability of any eigenvalue real-part exceeding Z. Bino-
mial confidence intervals are applicable to each point of the
cumulative distribution as there are just two values of interest,
e.g., satisfactory or unsatisfactory. P is a special case where
¥ = 0. The robustness metric resulting from the cumulative
probability distribution is directly related to classical concepts
of rates of decay (growth) of first- and second-order closed-
loop responses, time-to-half, and time-to-double. Taking de-
gree-of-stability analysis further, rather than a vertical dis-
criminant line, one can confine the closed-loop roots to sectors
in the complex plane bounded by lines of constant damping
and arcs of constant natural frequency.® Systems with roots
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confined to these regions would be expected to display a cer-
tain transient response speed. Again, the probability of roots
lying within a sector follows a binomial distribution, and
binomial confidence intervals apply.

Performance specifications for aircraft flying qualities are
detailed in Ref. 7 in terms of longitudinal and lateral-direc-
tional criteria at three levels of performance for each flight
phase. Many flying-qualities criteria require little computation
above and beyond eigenvalue computation, making perfor-
mance robustness as easy to characterize as stability robust-
ness. For example, the short-period response can be character-
ized by its damping ratio and natural frequency vs normal
acceleration sensitivity to angle-of-attack n,. The latter is
illustrated in Ref. 7 by plotting the short-period undamped
natural frequency vs n,, as shown in Fig. 1. n, is simply a
function of the dynamic pressure g and vehicle parameters
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C,  is the lift-curve slope, S, the wing reference area, m the
mass, and g the gravitational constant. Short-period-mode
requirement levels for each flight phase are characterized by
calculating the closed-loop eigenvalues and evaluating Eq. 1.
Repeated evaluations using Monte Carlo analysis give a distri-
bution that can be shown pictorially on Fig. 1; the resulting
measure of performance robustness is the probability of re-
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Fig. 1 Short-period response as characterized by n, vs Wng, for cate-
gory B flight phase (climb, cruise, descent) and all aircraft classes.”
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Fig.2 Example of step response bounds formed by scalar perfor-
mance characteristics.

Probability of Instability

Number of Evaluations

Fig. 3 Confidence interval calculation on the difference AP between
two probabilities Py and P».

Table 1 Longitudinal parameters of the twin-jet aircraft

Uniform

variation? Description

15 Mass, slugs

15 Moment of inertia about the y axis, slug-ft2

2 Wing reference area, ft

2 Aerodynamic chord, ft

2 Wing span, ft

30 Center-of-gravity location as a percent of mean aerody-
namic chord

25 Lift-curve slope

25 Lift-curve intercept

40 Deviation of the basic lift coefficient due to Mach effects
on lift-curve intercept

40 Deviation of the basic lift coefficient due to Mach effects
on lift-curve slope

5 Variation in lift coefficient with rate of change of nondi-
mensional «

7.5 Variation in lift coefficient with rate of change of nondi-
mensional g

10 Variation in lift coefficient with change in elevator angle

50 Basic low-speed drag coefficient

25 Moment-curve slope

25 Moment-curve intercept

25 Deviation of the basic moment coefficient due to Mach
effects on moment-curve intercept

10 Deviation in the basic moment coefficient due to Mach
effects on moment-curve slope

10 Variation in moment coefficient with rate of change of
nondimensional «

10 Variation in lift coefficient with rate of change of nondi-
mensional g

15 Variation in moment coefficient with change in elevator
angle

10 Center-of-gravity variation factor

2t percent of nominal parameter value

maining within level 1, 2, or 3 criteria.” Binomial confidence
interval computations can be applied to the scalar probability
estimate.

Time responses provide the most clear-cut means of evaluat-
ing performance. Stochastic performance robustness can be
portrayed as a distribution of possible trajectories around a
nominal or desired trajectory. After defining ‘‘envelopes”
around the nominal trajectory (Fig. 2), the probability of
violating the envelopes can be computed using Monte Carlo
evaluation. The envelope chosen around the nominal trajec-
tory encompasses scalar performance measures; the trajecto-
ries in Fig. 2 are examples of bounds defined by minimum
and/or maximum allowable dead time, delay time, rise time,
time-to-peak overshoot, peak overshoot, settling time, and
steady-state error.® Although it is simple to conclude that a
response violates an envelope, individual responses within the
envelope may not be acceptable. In such cases, the derivative
of a response and envelopes around the derivative also can be
used as performance criteria.’

The criteria defining envelopes that bound an acceptable
time response are not unique; the segmented envelopes in Fig.
2 can be smoothed, or other scalars can be used to define
points on the envelope. However, once an envelope is defined,
time response distributions due to a command input, distur-
bance, initial condition, or some combination can be com-
puted by Monte Carlo methods. For each evaluation, the tra-
jectory is a binomial variable; it either stays within the envel-
ope or violates the envelope, and binomial confidence inter-
vals apply. Although individual time responses require more
computation time than do individual sets of eigenvalues, such
analysis is well within the capability of existing workstations.

Confidence intervals for the difference between two proba-
bilities are useful when comparing two control system designs.
A statistic on the difference decides whether one controller is
more robust than another, either as part of an iterative design
process or as imbedded in an optimization technique. The
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Table 2 Scalar performance criteria defining
command response envelope

Scalar metric Value

Maximum dead time 2.5s

Maximum nonminimum-
phase response

Minimum and maximum

—0.1 of desired steady-state value

delay time 1.0sand 7.5 s
Minimum and maximum
rise time 2.0sand 15.0s
Minimum and maximum
peak time 3.0sand 18.0s
Maximum peak overshoot 1.25 of desired steady-state value
Maximum settling time 22.0s

Minimum and maximum

steady-state error 40.025 of desired steady-state value

Table 3 Setpoint for individual velocity
and flight-path-angle commands

Command 67,% 6E,deg V,fps «,deg g,rad/s «,deg

V=151fps 1.1 15.3 15 0 0 -0.25
v = 4deg 24.1 0.6 0 4 0 -0.01

statistics literature gives several methods of computing the
confidence interval for the difference between two binomial
variables. Reference 8 presents a method based solely on indi-
vidual confidence intervals. Given individual intervals based
on independent Monte Carlo trials,

Pr(LISPISU])=1—Ot1 (2)

Pril,=P,sUp=1-0m 3
the confidence interval around AP 2 P, — P, is given by §
Pri(l, — Up) = AP < (U, — L))
zl-a—m+ oo, )

When identical parameter sets are used to generate individual
intervals, the right-hand side of Eq. (4) is 1 — o) — . Since
(Ly, U)) and (L,, U,) are computed using the binomial test and
represent exact intervals for the individual estimates, Eq. (4) is
not an approximation. Confidence interval comparisons are
illustrated schematically in Fig. 3. The interpretation of the
confidence interval for the difference is straightforward; the
probability that the true difference lies within [(L, — U5), (U,
- L,)] is at least 1 — oy — oy + ;. If the interval on AP
contains zero (i.e., if the individual intervals overlap as they
do initially in Fig. 3), then the difference in robustness be-
tween the two systems is not proven significant at that number
of evaluations. If the true difference AP is small, a larger
number of evaluations may result in an interval that does not
contain zero, as in Fig. 3.

A given AP can result from many combinations of individ-
ual probability estimates, and it is difficult to generalize the
number of evaluations necessary to detect a difference of a
certain magnitude. Nevertheless, the number of evaluations
required for an individual confidence interval can be used to
foretell the number of evaluations necessary to detect a differ-
ence between two estimates. Figure 4 gives the required num-
ber of evaluations J for each individual confidence interval,
for the special case, a; = oy =0.05. Using the difference
P, — P, as the ordinate and P, as the abscissa, the curves show
the minimum number of evaluations required to establish a
significant difference. For example, if the probability esti-
mates (denoted P) are P, = 0.45 and P, = 0.4, Fig. 4 shows
that a statistically significant difference (i.e., nonoverlapping

confidence intervals) can be determined using approximately
1500 Monte Carlo evaluations. Individual estimates of P, =
0.15 and P, = 0.1 result in the same difference, but fewer than
750 evaluations are required to detect the difference. Figure 4
is based on individual confidence interval calculations, as
presented in Ref. 3.

Performance Robustness of Longitudinal Controllers
For a Jet Transport

SRA is applied to a twin-jet transport aircraft, with the goal
of characterizing the performance robustness of longitudinal
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Fig. 4 Number of evaluations establishing significant differences be-
tween two probabilities for 95% confidence intervals and equal num-
bers of evaluations for individual probabilities.
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a) Stochastic root locus with sector bounds defined by minimum
level 1 short-period damping for cruise flight
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Fig. 5 Stochastic robustness evaluation of the open-loop short-pe-
riod dynamics of the twin-jet aircraft, based on 10,000 Monte Carlo
evaluations.
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command responses. The rigid-body nonlinear longitudinal
equations are

[—D + T cos(e) ]
. —— — g sin(y)
Vv m
y| | L+ Tcos(@) gcos(y) )
al my vV
é M

Iiy.
L qg—vy J

where [V, v, q, a] represent velocity, flight-path-angle, pitch
rate, and angle-of-attack, [L, D, M) are aerodynamic lift,
drag, and pitching moment, 7 is the thrust, and g is the grav-
itational constant. Equation (5) depends on a number of pa-
rameters given in Table 1. Mean parameter values of the
stability derivatives in Table 1 are functions of Mach number
and altitude; they are interpolated from aerodynamic data
curves for the aircraft at a given trim condition.® The aerody-
namic model used to compute L, D, and M is a simplified
version of that given in Ref. 9, modified to use only two lon-
gitudinal controls (thrust and elevator). In this example, each
Monte Carlo evaluation begins with the nonlinear equations
of motion and associated parameters. The nonlinear equations
are evaluated using appropriately distributed random parame-
ters and are then linearized around the nominal trim condi-
tion. The closed-loop eigenvalues and performance metrics are
evaluated from the linearized system.

The parameters are assumed to have uniform variations of
the magnitudes given in Table 1. For the wing parameters (S,
chord, span), these variations are representative of loose man-
ufacturing tolerances. The mass and moment-of-inertia varia-
tions are based on the maximum and minimum possible values
of these parameters given in Ref. 9. The remaining parameter-
variation estimates are based on interpolation accuracy and
possible flight condition variations around the nominal value.
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a
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=
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5
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b) 15 fps velocity command: thrust response

Trim conditions for a flight condition of ¥ = 425 fps (130
m/s) at an altitude of 5000 ft (1524 m) are as follows: thrust
= 27.3%, elevator = —0.65 deg, and angle-of-attack = 2.15
deg. The open-loop eigenvalues for the state matrix resulting
from linearizing Eq. (5) around trim are A = —1.32 + 2.44,
—0.0053 + 0.0962/. Stochastic robustness evaluation using
the short-period Mil-spec requirements’ shows an acceptable
open-loop short-period mode for the uniform parameter vari-
ations given in Table 1. Figure 5a shows the stochastic root
locus with sectors defined by minimum level 1 short-period
damping ratio for cruise or climb (category B flight phase); for
10,000 evaluations, the short-period eigenvalues never violate
the level 1 damping restriction. Figure 5b characterizes the
short-period frequency vs acceleration sensitivity, which also
remains within level 1 constraints for 10,000 evaluations. The
probability estimate of violating level 1 short-period specifica-
tions is 0, with 95% confidence intervals of (0, 3.69E — 4).

Design of Longitudinal Controllers

A command response that stays within the envelope de-
scribed by scalar criteria in Table 2 serves as the performance
requirement for designing linear regulators for velocity and
flight-path-angle commands. In addition, elevator deflections
are limited to =30 deg, and thrust commands must remain
between 0 and 100%. The desired commands y* = V* or
y*=~* and corresponding setpoints x* = [V v g «]7, u* =
[6T 86E] are given in Table 3. The open-loop responses to in-
dividual velocity and flight-path-angle commands are inade-
quate because of the slow, lightly damped phugoid mode.
Numerical values of the results that follow depend heavily on
the performance criteria chosen. The envelopes defined in
Table 2 reflect tolerable variations around an acceptable nom-
inal response. The control limits are typical of those for a jet
transport. Changing the time response envelopes or control
authority limits would give different numerical results. The
emphasis in this example is not on the specific criteria chosen,
but on how SRA characterizes performance given a control
system design and performance specifications.

Elevator saturation limit

P

OE (rad)

.0 10.0 20.0 30.0 40.0 ¢

-0.5

Elevator saturation limit

time (sec)
¢) 15 fps velocity command: elevator response

Time response envelope

Y (rad)

9.0 10.0 20.0 3.0 ag.o st

time (sec)
d) 4-deg flight-path-angle command: flight-path-angle response

Fig. 6 Closed-loop command responses using IMF controller, 500 Monte Carlo evaluations. Nominal response is indicated by the solid line.
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Structured linear-quadratic regulators'® offer a simple means
of designing a linear control system with desirable perfor-
mance and robustness characteristics. Specifications of the lin-
ear-quadratic performance index and subsequent control gains
using implicit-model-following (IMF) minimizes the dynamic
response error between the closed-loop system and an ideal
model.’? State, control, and cross-weighting matrices (Q, R,
M) are based on a quadratic cost function that weights the
difference between the actual state rate (X) and that of an ideal
model (x,,), where

Xpr = FarXas (6)
IMF offers a straightforward way of designing controllers that
approximate desired dynamic characteristics. For this exam-
ple, the ideal model was chosen to increase the natural fre-
quency and damping of the phugoid mode, while maintaining
acceptable short period response:

-0.3 —32.17 -0.0104 —23.34
0.00381 —0.1949 0.0006 1.356
Fy = @)
0.0 -0.0 —-1.273 —5.981
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_(-1.35 239/ @
M1 _0.213 £ 0.314) )
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0.8 -
C\T 0.6 -
2
»
&e g.4
S 0.2 -
0.0 T T T T 1
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=
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Stochastic performance robustness analysis is based on the
probability of violating the desired time response envelopes
(Pyand P.) and the probability of control saturation (P,r and
Pg).

The IMF controller gives a nominal closed-loop command
response to separate velocity (Figs. 6a-c) and flight-path-angle
(Fig. 6d) commands that is within the acceptable time-re-
sponse envelope. Figure 6 also shows 500 Monte Carlo evalua-
tions of the command response; the nominal steady-state con-
trol inputs and state are given in Table 3, and the nominal
response in Fig. 6 is indicated by a solid line. The response and
associated envelopes in Fig. 6 are shown for the commanded
variable only; the remaining state elements do not require
performance constraints in this example. Thrust and elevator
time histories are shown for the velocity command response
only. Parameter uncertainty effects appear as variations
around the nominal response, indicated by the dark distribu-
tion and associated outliers. Parameter uncertainty results in a
distribution of transient responses that stays within the envel-
ope, and nonzero steady-state errors that violate the envelope
for both velocity (Fig. 6a) and flight-path-angle (Fig. 6d)
commands. Based on 500 Monte Carlo time response evalua-
tions, the estimate Py is 0.002 with 95% confidence intervals
(5.1E — 5, 0.0111) and the estimate 137 is 0.368 (0.326, 0.412).
The nominal elevator response violates control limits for both
command responses, and in each case, the probability of
elevator saturation is Psz = 1.0. Note that the control satura-
tion limits in Figs. 6b-c are adjusted to reflect the remaining
control authority after considering trim requirements.

-~
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&
=
e 0.0 T T
f.0 10.0 20.0 30.0 a0.0 5t
time (sec)
d) 4-deg flight-path-angle command: flight-path-angle response
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0.0 T T T T
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e) 4-deg flight-path-angle command: thrust response

0.5
=)
&
T i
‘Lg 30.0 40.0 St
time (sec)

f) 4-deg flight-path-angle command: elevator response

Fig. 7 Closed-loop command response using PFIMF controller, with filter control weighting Ry = diag(10, 50), 500 Monte Carlo evaluations.

Nominal response is indicated by the solid line.



1386 RAY AND STENGEL: STOCHASTIC MEASURES OF ROBUSTNESS
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Fig. 8 Stochastic performance robustness evalunation with PFIMF:
Probability of violating flight-path-angle command response P, and
probability of violating elevator saturation limits Psk vs filter weight
Ryp. Solid lines give probability estimates, dashed lines give confi-
dence intervals.

25.0

9.0 10.0 20.0 30.0 40.0 St
time (sec)

Fig.9 Closed-loop command response using PFIMF controller,
with filter control weighting Ry = diag(10, 50), 500 Monte Carlo eval-
uations: 15 fps velocity command subject to constant disturbance
wy =40 fps. Nominal response is indicated by the solid line.

Implicit model following modified by state augmentation!?
can help meet control authority constraints. Proportional-fil-
ter (PF) compensation adds integrators to restrict the control
rates, thus preventing instantaneous control changes and re-
ducing the maximum control effort. The control vector is
appended to the state vector

{-E -l o

where F and G are the nominal dynamic and control effect
matrices, X =x(¢)—x*, @ =u(t)—u*, and v(¢) is a com-
manded control rate. The PFIMF state weighting matrix is

Q M
QF=[MT R} (10)

where Q, R, M are the original (IMF) weighting matrices. A
weighting matrix, Ry, constrains the control rates. Elements
of Ry affect the bandwidth of each control; the larger the
weight, the more the control rate is restricted. -

The IMF regulator is augmented to include low-pass filter-
ing of the control command, with a diagonal control-rate
weighting matrix Ry = diag[10, 50]. Figure 7 shows 500
stochastic state and control histories to individual velocity and
flight-path-angle commands using the PFIMF controller and a
stream of random numbers independent from the IMF case.
The (1, 1) element of Rr (R;7) determines the amount of
filtering on thrust rate, and the (2, 2) element (R;z) controls
elevator rate. With filter elements, the control rates are no
longer unlimited, and the mean control responses remain un-
saturated. Steady-state error due to parameter uncertainty
remains within the desired state history envelope for the veloc-
ity command response (Fig. 7a). Steady-state error for the v

command improves, although the variation in the v transient
response is much greater than that of the IMF regulator alone,
as seen by comparing Figs. 6d and 7d. Py and P, estimates
corresponding to Fig. 7 are 0.0 (0.0, 0.0074) and 0.034 (0.0199,
0.0539), respectively. For 500 evaluations, the PFIMF flight-
path-angle command response improvement over the IMF
case alone proves significant by application of confidence in-
tervals on the difference (Pyivr — Pypivr)- Applying Eq. 4,

Pr[0.2721 < (Pyivr — Pyprvr) < 0.3921] 2 0.9025  (11)

Equation 11 states that with PF augmentation between 27 and
39%, more of the flight-path-angle responses lie within the
envelope, with a confidence coefficient of at least 0.9025. The
mean elevator response for the flight-path-angle command
dips just to saturation limits, and the probability of elevator
saturation is Psg,,,. = 0.502 (0.457, 0.547).

Stochastic robustness analysis shows that PF augmentation
improves performance objectives by reducing control rates
and steady-state error due to uncertainty. The state and con-
trol response to the velocity command prove acceptable (Py,
P;5, and P;rall equal 0), and the improved responses to flight-
path-angle command are statistically significant. For the
flight-path-angle command, SRA demonstrates the tradeoff
between the two performance objectives; increasing the (2, 2)
element (R;z) of R will further reduce elevator command
authority at the expense of the v time response. Figure 8
illustrates this tradeoff by showing i’.,, P;;, and their confi-
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b) 0.9 T T T T
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Fig. 10  Closed-loop command response using PIFIMF controller,
with filter control weighting Ry =diag(200, 50), and integral state
weighting Q7 =diag(0.1, 100), 500 Monte Carlo evaluations: 15 fps
velocity command subject to constant disturbance w, =40 fps. Nomi-
nal response is indicated by the solid line.
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Fig. 11 Stochastic performance robustness evaluation with PIFIMF:
Probability of violating velocity command response envelope Py and
probability of violating thrust saturation limits Ps7 vs filter weight
Ryy. Solid lines give probability estimates, dashed lines give confi-
dence intervals.

dence intervals as functions of the design parameter R;z. A
plot like Fig. 8 can be used to choose the filter weight that
gives the smallest probabilities of envelope violation while
adhering as well as possible to the control authority restric-
tions. In this case, it is not possible to simultaneously reduce
P, and Pz to zero by varying Rgy. Nevertheless, stochastic
. robustness analysis offers a simple, understandable means of
relating design parameters to performance objectives and of
choosing the best control gains to meet those objectives.

Design of a Longitadinal Controller
for Disturbance Rejection
As a final example, the preceding analysis is extended to
encompass a performance constraint on disturbance rejection.
The equations of motion are modified to include a vertical
wind disturbance w,

—D sin{fa — a,) + T cos(o — a)

|: V] _ m ~ g sin(y) 2
v] | Lsin(a—a,)+ T cos(a — o) g cos(y)
mV 14
where
V si +w,
a,,=a+'y—tan‘l—sm)—w 13)

V cos(y)

With the disturbance present, the state components represent
inertial velocity, flight-path-angle, pitch, and angle-of-attack,
and the disturbance enters through the expression for air-rela-
tive angle-of-attack «,. A disturbance input matrix is defined
for robustness analysis by numerical linearization of the non-
linear equations with respect to w,, around the nominal condi-
tion w, =0. Velocity command response subject to a constant
40-fps vertical velocity disturbance using the PFIMF controller
is shown in Fig. 9. The mean response shows a nonzero steady-
state error that violates the command response envelope, and
uncertainty causes a larger spread around the nominal re-
sponse than that of the system without the disturbance (Fig. 7).
Also, the steady-state flight-path-angle (not shown) is less than
zero due to the disturbance.

Proportional-integral (PT) compensation introduces a com-
mand-error integral for each commanded state element, zero-
ing steady-state error and improving disturbance rejection
characteristics. The perturbation equations for the nominal

System are
£ _[F o][zx0] [6].
[é]_[H 0][5(:)]+[0]“(t) (14

1000
H:[o 10 o] (1)

where ,

£§)=£0) + SO y()dr (16)

and §(¢) =y(¢) —y*. Here, y*=[V v]7, and a (2 X 2) weighting
matrix Q;is appended to the original state weighting matrix.
Diagonal elements of Q; affect the rate at which the command
error integrals approach zero. The diagonal components are
chosen to keep the velocity command within the desired envel-
ope and to zero the flight-path-angle response. Command er-
ror integrals are added to the existing PFIMF controller, and
for the resulting PIFIMF system with Q; =diag[0.01, 100} and
Ry =diag[200, 50], Fig. 10 shows an improved velocity com-
mand response y*=[V* 0]7. The 500-evaluation probability
estimates and 95% confidence intervals are P, =0 (0.0, 7.4E-
3) and Psr = 0.002 (5.1E-S, 0.0111). The (1, 1) component of
Ry is increased to restrain thrust as the command error inte-
grals are introduced. Figure 11 shows analysis of the tradeoff
between P, and Psr as a function of design parameter Rjy
comparable to that presented for the flight-path-angle re-
sponse in Fig. 8. Again, Fig. 11 can be used to choose control
system design parameters that best meet performance objec-
tives.

Conclusion

Stochastic robustness analysis offers a rigorous yet straight-
forward alternative to other robustness metrics that is simple
to compute and is unfettered by normally difficult problem
statements, such as non-Gaussian statistics, products of pa-
rameter variations, and structured uncertainty. The analysis
embraces both stability and performance metrics, handling
qualities requirements, and more general responses. Binomial
confidence intervals provide statistical bounds on the proba-
bility of instability and on performance metrics. Statistical
comparisons of control system robustness also are rendered
through confidence intervals. Both stability and performance
metrics resulting from stochastic robustness analysis provide
details relating system specifications intrinsic to a given appli-
cation and control system design parameters. Stochastic ro-
bustness analysis has a significant role to play in computer-
aided control system design.
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